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Solving the relations (1) and (2), we get 

81=1/1 = — fc— r+i/(2r s +2rfc), 
X\ 1=— 1/1 1= — r+ft+i/ (2r s — 2r&). 



The x's represent the radii of the three circles, and satisfy the required con- 
ditions x — — 
the condition 



ditions x = * ' — , and the centers are in a straight line since they satisfy 



SZ-l/i ^ fli 1-2/1 

II. Solution by A. M. HARDING, A. M., University of Arkansas, and the PROPOSER. 

Let M be the center of circle touching arc AC, sides AD and DC, 
and let H be the point where it touches AD. 
Let N be center of circle touching arc 
CB, sides CD and DB, and if the point 
where it touches DB. Also let I be cen- 
ter of circle inscribed in triangle ABC. 
MH=HD since ZMZ>#=45°, and similarly, 
NK=DK. Therefore HM+NK=HK. 

Again, by a well known theorem, 
BC=BH. Hence Z i?CB= Z CHB= Z CAff 
+ ZACiI, but LBCD^LCAH; therefore, 

IHCD^LHCA. Hence Z£> AI+ Z ACH=45°. Again, Z A CJ=45°, there- 
fore LDAI—lHCL Hence, the four points A, C, I, and Hare concyclic. 
Hence, IIHD= ZACJ=45°. In a similar manner it can be shown that 
IIKD=4S'. 

Now let L be the point where the circle inscribed in triangle ABC 
touches AB; then since ZJLff=90°, and HHL= ZIKL=45°, line ZL= 
JHL and IL=LK; but 7L is the radius of circle inscribed in triangle ABC. 
Therefore lL=hHK=h(MH+NK) by above. 

Again, since L is the mid-point of HK, and JL, which=i(Afff+iVZ), 
is also parallel to MH and NK, it is easily seen that lis the mid-point of the 
line MN. 

Also solved similarly by J. Scheffer. 




CALCULUS. 

318. Proposed by JOHN C. GREGG, Greencastle, Ind. 

A thread is wound spirally n times around a cone, the radius of whose base is r, and 
slant height h, the turns being at uniform distance apart. If the thread is kept taut, what 
will be the length of the trace of its end on a horizontal plane? 
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I. Solution by B. F. PINKEL, Ph. D., Drury College. 

A solution of this problem, by Henry Gunder, of Findlay (Ohio) Col- 
lege, was published in Vol. 9, page 199, of the School Visitor, published by 
John S. Royer. Professor Gunder's solution is wholly incorrect. So far as 
we know, no correct solution of the problem has ever been published. The 
problem as stated is indeterminate; for the reason that a string stretched 
taut on the surface of a cone cannot be in equilibrium unless held in position 
by the friction of the surface of the cone, by an adhesive substance, or else 
by pegs driven into the cone normal to the plane formed by the tangent to 
the string and the corresponding element of the cone. In the case of fric- 
tion holding the string in position, it could not be wound on the cone nor 
unwound from it by merely taking hold of one end of the string and stretch- 
ing it taut. Were a surface formed by conceiving a normal to the tangent 
of the string and the element of the cone, to move along the string, then the 
string could be wound on the cone by taking hold of one end of it and keep- 
ing it taut. The string would come in contact with this surface above the 
surface of the cone, and as the winding proceeds, the string would slip on 
this surface until it came in contact with the surface of the cone. The string 
would thus lie in the groove formed by the surface of the cone and the sur- 
face generated by a normal moving along the curve, formed by the proposed 
position of the string. 

Since the unwinding as required in the problem is impossible, the 
problem is impossible of solution. If we suppose the string to adhere 
slightly to the cone, there are a number of ways which might be proposed 
to unwind the string. Of these, two would naturally suggest themselves. 
We might suppose, first, the string unwound in such a manner that the tan- 
gent to the projection of the string on the plane of the base and the unwound 
portion of the string are in the same plane; and second, that the unwound 
portion of the string and the altitude of the cone lie in the same plane. Both 
of these assumptions lead to very complicated computations. We shall now 
show, by a different method, what Professor Gunder obtained as a result, 
and also indicate a method of solution according to the two assumptions 
made above. 

Let C—AD'DBA be the cone, whose radius OB=R and altitude CO 
—h; P, any point on the string, whose coordinates are (x, y, z) ; P\ a con- 
secutive point; OP t =p, and £BOP,=o. Draw the lines CPD, CP' D' , OD, 
OD', OiP, and O x K. Pj is the projection of P; P,' of P', and K x of K. 
P\PiB is the projection of the string on the xy-plane; K 1 P i is the projec- 
tion of KP, and P'iP, is the projection of IK and P'P. 

The equation of the curve of the string is obtained by setting up a re- 
lation between (z, p, #, n, R, h) or (x, y, z, 0, n, R, h). 

In the similar triangles DP^P and DOC, we have R—p: R=z : h, or 

p= R{hp) {1) 
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Also, since the string makes n equidistant turns, we have arc DB : 
2* Rn=z-h, or R0:2*nR=z:h, or 



z=4^_...(2); •■P=-~(2-n-o)...(B). 



2*n 



2*n 



the equation of the projection of the curve of the string on the a;y-plane. 



72 

Also, x=pcos8 ==~r-(h—z) cos o 



R 



n (2*w-0)cos0...(4); y=psva.o 
2*n 

- R (tp?) S i n 0=JL ( 2 * « - ) sin 

h 2*:n 



.(5), z~- 



2*n 



are the parametric 



equations of the curve of the string. 
The equations of the tangent to the 
string are: 



g—x _P — y_ r — z 
dx dy dz 



; or 



ds ds 

a — X 



R 



2*n 



[cos*+(2*n-0)sin*] 




P-y 



r — z 



E [sin0-(2*«-0)cos0] ft 



.(6). 



2*n 



2*n 



The coordinates of the point of intersection of the tangent with the a5?/-plane 
are found by letting r=0 in (6) . Hence, 



a =JL-[(2 * n-0) (cos e+e sin o) +d cos »]... (7), and 

/8= 5 ^-[(2*'n-»)(sin«-«cosfl)+*sin»]...(8). 

2*n 



The length of the curve described by the point of intersection of the tangent 
with the xy-plane is 
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a x n v o 
47? 9 

This is the result obtained by Professor Gunder in the solution refer- 
red to above, and cannot be correct unless the string, in unwinding, 
is "taken up" at the same time; for the portion of the string unwound at 
any time is longer than the tangent to the string at the point of contact 
with the cone. The length of a portion of the string is 

I =JV [dx* +dy* +<fe 2 ] =^—fv W +R 2 (2 * n—&) 2 ]d o 



^ [— f (2 * n-o) J^j^+ (2 - n-0) *- R (^±Pj log [( 2 * n-e) 



+Ry — R -^— Jlog(2 *«+ J— ga — h4* 2 n 2 J 

Ci ^ 'lb |_ 

, p / fe 2 +ie 8 \ , / 2^wJ?+i/[fe 2 +i? 2 +4^w 2 ig j ] \i 

" 1 "- K \ i? 2 / g \ [2*n^o]R+v[h»+R 1 +R 2 (2*n-ey )]■ 



The length of the corresponding tangent is 



*=V [ (x - «) * + (y-fi) * + (z-r) 2 =«— - i/ i> 2 +# 8 (2 » n-*) 2 ] . 

A comparison of these two expressions shows that the length of the 
unwound portion of the string is longer than the tangent to the point of 
contact. This fact also shows that the string cannot be unwound from the 
cone in the manner required by the problem unless it is held in contact with 
the cone by means of some force, as, for example, an adhesive substance. 
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Since the string must be held in position on the cone, we may choose 
any number of ways of unwinding it. 

Of these ways, we have already mentioned two. First, suppose the 
string is unwound in such a way that the projection of the string on the xy- 
plane is the tangent to the curve P/PiP. The equation of the trace of the 
string when unwound from the cone, by keeping it taut, is 

OQ=[P 1 Q 8 +OP 1 2 -2P 1 Q.OPcosZOP,Q]^, 

where P 1 Q=x/[PQ 3 -P,P 8 ]=i/[s 2 — z 2 ], s being the unwound portion of 
the string, and Z QPiO^tan -1 ^ d o/d p] ; or 



2= L» -»* j-»« - 2 p y/ - fe!r<L 



OQ=Js 2 -z*+P i - 



[i+(2*n-«)*]» 



From this the length of the path may be found by approximate methods. 

Second, suppose that the string is unwound so that the unwound part 
lies always in a plane with the axis of the cone. In this case the equation 
of the trace is OQ=i/[s 2 — z 2 ]+p, where s is the unwound portion of the 
string, and p=OPi . The length of the trace in this case is 

l={ {[(sds-zdz)(s 2 -z i )-Hd P y + [ ] /(s*-z*)+pydo*}K 

J 

A solution, by approximate quadrature, may be completed in a manner 
similar to that indicated in my solution of problem 309, pages 107-110, Vol. 
XIII of Monthly. 

II. Solution by PROFESSOR F. L. GRIFFIN, Reed College, Portland, Oregon. 

I. Preliminary remark. The problem is impossible in the absence of 
friction; since a stretched string can be in equilibrium on a "smooth" sur- 
face only along a geodesic line, and no geodesic line has the proposed loca- 
tion. Choosing the axis of the cone as the Z-axis, and the vertex as the ori- 
gin, the equation of the surface is 

f(x, y, z)=x 3 +y i —z 2 tan !1 *=0, 

where « is the half -angle of the cone, or arctan(r//i). The differential 
equations of a geodesic are 

ds* d x * X ' ds 2 dy Z V ' ds 2 dz * Z ™ n ' 
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where s denotes the length of the arc and 



Combining the first pair of equations gives an integral, x-M- — yj^- =e, con- 
stant. But since for any point (x, y, z) on the cone, j/ [x 2 +y 2 ]=ztan «, we 
have a;=ztan « cos <£, y=ztan « sin <£,' where <t> denotes the polar angle of the 
projection of (x, y, z) on the horizontal reference plane. Then 

dx , \dz , ,d<l>] dy [dz . , , ,d<£l 

s- =tana L& ooB *- aBm *5-J' di=^Hte sm + +zcos<l> ds\' 

whence the integral becomes z 2 tan 2 a(d<£/ds)=c. (If c-= 0, then either z—0 
permanently or else </>=constant, showing,— as is physically obvious,— that 
a thread cannot be thus wound up beginning at the vertex). Further, 

Itt] sec'a+2 2 tan 2 « c 2 /2 4 tan*«. 



Separating variables, we have 

dz sin a tan « 

z\/[z* — c 8 cot s «] c 



d<t>, 



whence, k being constant. z=ccot « sec(&ccot «— <i> sin «). 

Evidently, for small enough values of sin « the geodesic may wind 
several times around the cone before receding to infinity at a certain finite 
value of <f>; but even these few turns are never at uniform distance apart. 
For, if adding 2^ to <t>' merely adds some constant to z, it follows that 
(dz/d<k) is the same at <t>+2 * as at <£, since 

g(<ft+A«fr+2*)— z(<H-2Q = z(<H-A<ft)— z (4>) . 

A<t> ~ A<t> ' 

but clearly the period of dz/d4> is 2'Vsin «. 

II. But if we waive this question, and suppose the surface of the cone 
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sufficiently rough to hold the thread in the proposed position; or if we think 
of the equivalent purely geometric problem, the required length, «, of the 
trace of the end-point (S, % i), may be found, or at least expressed 
as a definite integral, as follows: 

The requirement z{4>-\-2^) — z{<i>) =m, constant, does not define z as a 

function of <t>, but is most simply satisfied by z=h— m<t>/2 *, or-rr= — ~-^. 

This gives, retaining z for brevity: 

-—tan «[— ^-cos <£— zsin<£] , -rr i =tan «[ — sin<£— zcos<£], 



d<i> L 2" eW>- f 

(111 / YY) (it J 777 

-T^-=tan «[— o^sin 4>-f zcos<£], -T^=tan « [— — cos<£— zsin<£], 
fds\ 2 ,. 2 , m s , d 2 s , , , m. ,ds 

wr z ' tan a +4^ sec a - ^ = * tan M ~2^ 7 w 

From efe/c^ it is easy to obtain s, the length of the curve on the cone to any 
point, or, in particular, to 4>—2 * n, which gives the total length, I, of the 
string. Now we find from the equation of the tangent at any point {x, y, z) 
of this spiral curve: 

~r^— V ~T~^— — j— =ls— length, yet unwound. 
ds ds ds 

ds d 2 x dx d 2 s 

tt . // \ dx , ds d; n v d</>'d$* d <l>'d<l>* ,, . . 
Hence, ^x+d-s)-^/-^, -^-=0-«) Jj^y . and simi- 

\d4>) 

larly for -q, d y/d <t>. To get *, the distance travelled by the projected point 
(?, v, 0), weusecf^ 2 =^f 2 +^>? s ;thus 

n L ^ )'/(^)M(^) , (? + -) 

, <fe d*s/m 



K^hm (£+°i 



' d<f> d<j> 

Every term in the right member being a known function of <f>, we denote 
the entire member by F(<t>), and write 
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"=( l/[F(^)]^. 
J 



Various reductions are possible in the integrand, but they do not seem to 
lead to an expression of the indefinite integral. 

II. Remark. On a "rough" cone the thread may be wound following 
other curves than geodesies; and with sufficient friction the turns may be 
wound at uniform distance apart. But even this is impossible if the end of 
the thread be required to remain in some horizontal plane; so that the pro- 
posed problem is impossible (even with friction) if by "trace" we are to un- 
derstand a curve actually travelled by the end of the thread. Let us prove 
this. 

At every instant the unwound taut thread must lie in the plane tangent 
to the cone at the point of contact, P; so likewise must the line PT tangent 
to the curve on the cone at P. But the direction of PT (or of the next suc- 
ceeding "element of arc") is determined by the intersection of the conical 
surface with the plane which is determined by the taut thread and the in- 
stantaneous direction of motion of its end-point. Since the tangent line PT 
lies both in the latter plane and in the tangent plane, PT must coincide with 
the taut thread which lies in these two planes. Thus in winding the thread 
about the cone, the unwound portion must at every instant be tangent to the 
curve on the cone. 

Now if the end-point (*, v, s) is to remain constantly in a plane at 
any distance g from the equation of PT, the tangent at (x, y, z), 

-j— = -j = ~t~- — £ — s, (the length yet unwound). 
ds ds ds 

Separating variables in the last equation, dz/(q— z)=ds/(l— s), whence, p 
being constant, p(q—z) = (l—s). Prom this, -p 2 dz 2 =ds 1 =dx 2 +dy' i +dz 2 , so 
that (p s — l)dz*=dx 2 +dy*=tan s a(dz 2 +z' i d<f> 2 ), since as in (I) above, 
r=tan «2Cos^, etc. Thus dz"(p 2 — sec 2 «)=z 2 tan 2 «.cW> 2 , or 

dz ±tan « , , , „, , 

-d<p=±Kd<p, say, 



V [p 2 — sec 2 «] 



the upper or lower sign being taken according as the winding proceeds 
away from or toward the vertex, and the constant K being evidently real 
for a real curve. The integral z=A.e±K<l> shows both that the winding 
process cannot begin at the vertex, since z vanishes only if A=0 in which 
case z=0, and also that the turns are not at a uniform distance apart, since 
the addition of 2 *■ to <t> serves merely to multiply z by a constant factor. 
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III. Suppose now that the end-point (?, y, s) moves so that the turns 
on the cone ("rough," of course) are equidistant as proposed, and let us find 
the length of the curve traced by the projection (?, y, 0). 

The requirement of equidistant turns, viz., z (<f>+2*)—z (0)-f m, where 
the constant m is negative if the turns approach the vertex, does not define z as 
a function of $, but it can be most simply satisfied by taking z— A+m^/2 *, 
A being any constant not zero. Then 

cte--=tan «[^-cos ^-zsin <P]d 4>, <%=tan «[^-sin 0+zcos f\d <!>, 

where z is written for brevity. Then 

efe 2 = [™sec s «+tan 3 «(^+^) 2 W, 

from which s can be obtained by a simple integration; and in particular the 
entire length I may be found in terms of n, « and the practically arbitrary 
A, m. Then to find the length, *, f the path of (?, y, 0) we have 

, /7 >. dx ,ds , n -.dy d s 

d sd*x d°s dx ds d 2 y d' 2 s dy 

dj_ n _ , d<Pd<t>* d¥ d<P (fa_ n _ , d<!> 'd<P* d<t> 2 d</> 

d^ (l s) • ~ (dsV ' d<t>~ Kl S) (ds\* 

\d H W/ 



nr-mHUh'-^ ■ ■ ■ 



as on bottom of page 107, except that the former m is here —m, etc., to 
former conclusion). 

IV. A thread whose turns about a cone have been made uniformly dis- 
tant by the help of friction may be unwound without the end-point retracing its 
former path; and as the unwound portion need not now be tangent to the 
curve on the cone, the end-point may travel in a horizontal plane. Let us 
find the length of its path, again taking arbitrarily z=A+m<l>/2 ». The taut 
thread must still be in the tangent plane: (S -x)x+ (y—y)y+ (q—z) (— ztan 2 ^) 
=0; and (?-x) 2 + (y— y)' + (s-z)' = (l-8) 9 . Now let ?-x=(l-s)cosa, 
y—y—(l—s)cosb, q—z=(l—s)cosc, introducing the direction-cosines of the 
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string. Then cos s a+cos 2 6=sin 5 c, and cosa.cos^+cosft sin<£=cosc tan«, (di- 
viding x and y by ztan «). Combining the first of these equations with that 
obtained by squaring the second, we find cosa sin^— cosfr cos^= 
± V [1— cos 2 c sec 2 «] . Thus 

cosa=(f— x)/(l— s) = ±sin<£|/[l — cos 2 c see 2 "] + cose. tan «.cos<£; 
cosfc— (y —y) I (l—s) = T cos<£]/ [1 — cos 5 c sec 8 «] +cosc. tan «. sin<£. 

Since x, y, z, s, cose are all known functions of <£, these equations furnish 
d$ and dy in terms of <t> and d<i>, and thus the problem of finding a is reduced 
to a quadrature. 



NOTES AND NEWS. 



Mr. C. H. Forsyth of Michigan University has accepted the chair of 
mathematics in Eureka College, Eureka, Illinois. M. 

Mr. C. A. Barnhart, assistant in the University of Illinois, has accepted 
the chair of Mathematics in Carthage College, Carthage, Illinois. M. 

Dr. R. K. Morley, instructor in the University of Illinois, has accepted 
an assistant professorship of mathematics in Worcester Polytechnic Insti- 
tute, Worcester, Mass. M. 

Dr. G. F. McEwen, instructor in mathematics in the University of 
Illinois, has accepted a position in the Marine Biological station of the Uni- 
versity of California. This station is located at Lajolla, Cal. M. 

A circular, bearing the signature of about seventy prominent mathe- 
maticians, calls attention to the fact that during August of the present year 
Professor Felix Klein of Gottingen, Germany, will reach the fortieth anni- 
versary of his appointment as professor of mathematics in the University of 
Erlangen. It is proposed to give him some token of the thanks and the 
good wishes of his fellow mathematicians in view of his great services to 
mathematical progress, and of his excellent work as a mathematical teacher. 
Attention is called especially to the great influence of the so-called Erlanger 
Programm, which was translated into English by Professor Haskell, and 
which was published in the Bulletin of the New York Mathematical Society, 
volume 2 (1893), page 215, under the title, "A Comparative Review of Re- 
cent Researches in Geometry." It may be added that Klein is the president 
of the International Commission on the Teaching of Mathematics, which is 
expected to report to the International Congress of Mathematicians at its fifth 
meeting, which is to be held at Cambridge, England, during the coming 
August. M. 



